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This paper deals with the study of a homogeneous isotropic circular bar
having two cuts (cracks) along the diameter. The solution is obtained by
means of conformal mapping [1].

1. The Mapping Fumctiom. The conformal mapping of the circle [{I< 1
onto the unit circle with two cuts along the diameter from point +1 to
a, and from point -1 to a, (Fig. 1) is accomplished by the function

"d 1420 bV T F 2T L8
z=‘/7 1524 F2° .1)

where
a=cosBcosd, b=rsind, ¢=—cos2B, d=§2:§ (1.2)

2m . 1—m? 2 i s
cosﬁzi—m, SlnB=1—-_*_—,—nT, cosb‘=1+na, Sln8=1+n2

1 —ayas —V(i —af)(1 —af) 1 4 oo —-V(i —af) (1 —ad)
o — o ! n= oy 4 oy

m =<

1.3)

Suppose that 0 < a, < 1; a, > |a2|.1.e. it will be assumed that the
depth of the "left"” cut is greater than the depth of the "right" cut.
Then 0 < < 1, 0< n< 1, (Fig. 1).

The case n = 0 is that of two cuts of equal length.

The roots of the denominator in expression (1.1) will be denoted by
¢, snd {,. If n> =, then {, and {, are complex conjugates, |¢,| = |{,| =1.
For n= u one has {;, = {, = ~1. If n < m, then the roots {( and {, are
real and different, l¢1| <1, |¢2| > 1.

For { = (1. the numerator of expression (1.1) has to reduce to zero,
which is the condition for the choice of the branch of the radical,
appearing in (1.1), The zeros of the expression under the radical in (1.1)
will be denoted by 2y, 2y, 23, Zy.
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2. The Complex Torsion Function. 1. Let n > =, then a, > 0, Introduce

the parameter y:

(1 +n)m . V(n’ —m’) (1 _,,zma) 21
COS'{:—W, sin~y = (1+m‘)n ( ')

yielding
d=—COSY, C1=ei7 ,-zl=eia, 22 =;1, 7.3=—;1, Zg=—2 (2.2)

Proceeding similarly as in an earlier paper [3 ], the following ex-
pression can be found for the complex torsion function:

b2di

10 = T T T T [P+a+ RO+ s0—Fa+20+ )V TFZOT O+

P (1 4 2672 4 091 1_—it_2] . 23
+i(l 4+ ¢:,+C)og1_22,t:g + cons (2.3)

where
sin® g sin (B4 vy) sin2p

P=2 [ctg e (1 + sin? Y) 108 sin (ﬁ — Y) — sin? ."] (2.4)

(o 3 3sin?p  4sin?p sin (B +7) sin 2@

Q= 2[\-’- SIBY = siny — sty S0y )logsin(ﬁ_,{)+4ﬂcosy+3cos Y__sin"y]

R=(1+2cosy) P—83(cos?3 + cos?v), 8§ =168cosy —Q —4Pcosy

and it is to be understood that the branch of the logarithm is represented

by the series

e . .
log T— ey = — 2 (sin 23 ¢2 4+ T By ) (2.5)

2, Let n= =, then a, = 0, y=m, 8 = B. The expression for the complex

torsion function is found by substituting d =1 in (2.3) and replacing

P, Q, R, S by their limiting values for y - m. Note that

li 18 2 .. im R = 3 — 25sin 28 — 8

(L":r P = FetgB — 5 sin 23, ;flﬂl 16clg 2 —2sin23 — 8B (1 + cos? §)

lim $=6ctg3 + 4 sin28—8g  (2.8)
3

Y7 3

lim Q =16¢tg B — 4 sin 25 — 8g,

YT
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3. Now let n < =, then a, < 0. In (1.1) carry out an additional trans-
formation of the plane £ :

. =G .
¢ =Tt @7
As a result (again subsituting { tor {*) we find:
TR Y N e TR TN e TR RN O (2.8)
where 1 1
) = g (cos Pyt cosBa), by = oo, a=1+42cosprcospy (2.9)
n(1+m?) 4 2m2(14n?) ) (1 — m?) V (m?—n?) (1 —m2n?
cos By =—7 1+ m?) 1 +n)? ! sin By = m (14 m?) (1 4+ n)?
n(i 4+ mHt—2mi(1+n?) ) (1 —m?) VimE—n%) (1 —min9) (2.10)
cshi= " —nE 5 Sd= m (1 m%) (4 — n)?

The zeros of the expression under the radical in (2.8) will be

: -
n=cf, Z3=12y, 3= elPr, Sq=13

The following expression is obtained for the complex torsion function:

1 1 2
1@=tfg+F e+ —(F- g+ )V T+ T+ o +

1—z 1—
+ (1t T 2082 000 400 log e D ] ot 218

where
2 . . 8 2 . .
p= 7 (sin B2 —sin 81) — 4ay q=;a1(_32—31) — 5 (sin By —sin 8;) — 4a, (2.12)

2
r=1—7(B:—81)

4. Two equal cuts. Let n = 0, then a =-a, = = Noting that 31 = B,
Bz =m - 8, it is found from (2.11) that

@) = :a:s_zg[i + (1 - g‘ﬂrc tg'") 2—(1 + c%) Vit 2Ot g+

14-2c22 4 1 gz272
+i + i§2+t log 1_:i2£2]+const (2.13)

3. Stresses on the Circular Part of the Contour. The following ex-
pression is obtained for the tangential stresses on the circular part of

the contour of a transverse cross-section of the bar in the case n > =:
2ucVsin?d —sin2 s sin3tgd cos 8 —cosy

Ty = (cos 9 — coa v)? [tgz 8V sin*$ —sin®3 — = sin 9 +
. sind ) . sin(8 4 B) tgd8 Mcos294 Ncosd+ K
+ Teosts (08 ¥ + cos B cosd) log (9—8) " 2mcos 3 sin 9 _]

T3> 0>5 (3.1)
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where r is the amount of twist, ¢ is Lame’s constant,

1 {/sin?B gin (B4+vy) sin2B

M=7|.sma —2siny + smy)lOgsin(B——y)— siny %8 ]

N= [ in 2B + 2sin 2B ctg?y — 2 (ctg v + sin? B ctg® v) log%%g—-'-%] (3.2)
3 [/sin2B 1 2 sin2f sin(B 4 v) sin 2p

K= 7[(sin8-{ siny ~ siny )l sin (8 —y) 057 sin’y]

The stress will be found at point D (Pig. 1) where z = i. The point
o, = cos 0 + i 8sin 0, 1is the corresgonding point in the { plane, where
cos 0 =~ cos B cos é sin 0 V1 - cos’B cos?8, Letting 0 = 01 in
(3.1) yields

1 1 cos? 8 cos* B
ar To, =2 RVT:&?—W[“'“B(""M + i atmty)

cos®ysintd  sin (B + ’f)]

sin3y cos 8 log sin (B — v, @3.3)

The case # = 0 (B= 1/27, y = 1/27) is the limiting case, when the
cuts meet at the point z = n, and two bars of semicircular cross-section
are obtained. Letting = = 0 imn (3.3) ylelds

o= (2= ) e

which, in fact, is the expression that should hold for a semicircular
cross-section.

The stress on the circular part of the contour for the case n = a can
be easily found by substituting y = # in (3.1) and replacing ¥, N, K by
their limiting values for y » m.

Starting from (2.11), one can obtain the expression for the tangential
stresses on the circular part of the contour for the case n < =,

In the case of two equal cuts (n = 0), starting from (2.13), one ob-
tains

Ty = s V sint9 — sin®p [(1 — 2—3) cos29  sin2f cos 9 log _(8_—{-__2_; +

cos?f ) sind%  wsind + sin (9
+2VsinE§ — sin? B, n—B>8>8 (3.4)

The maximum stress in the case of two equal cuts is reached at point
D with 6 = 1/2%w.
i 21— m?

y,—-meax=2'7'?1+m” -

21 3
P -’;nm arctg m (3.5)

4. Stress at the Edges of the Cuts. In the case n > = the following
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tangential stresses 1‘9( 1) at the edges of the cuts are obtained:
utsind V sin?8 — sin?d
7 co8B ¢osB cosd + cosd —sind Vsin? B — sin® 9 x

o sin((3+3)_sin2[3 Mcos28+Ncos{)+K} it
Bsin(B—9) sind — sind(cos9—cosy) (4.1)

B>9>0o0r n>98>n—3%

i
Tg)=

[2 (cos? 8 — cos vy cos 9)
cosd —cosy

The stress at point O (Fig. 1), z= 0. is to be determined. In the {
plane, this corresponds to the point { = %, Substituting & = ¥ into
(4.1) yields (evaluating the indeterminate expression):

sin(B+vy
sin(B—v)

2ur | . [4sin{& 3cosysin?dsin23 3 sin*d cos?y

)y _ x —
Ty = 3y SR sindy cos® & sindy cos® § sinfy log

] (4.2)
Letting = = 0 (the cuts meet) in the last formula results in
8
)
Tsr =g ur

which, in fact, is the proper result for a semicircular section, The
stresses at the sides of the cuts for the case n = m are easily obtained
from (4.1) by lettingy = m.

In the case of two equal cuts starting from (2.13) one obtains

T Vsin?p —sin o
mcos B cos § — Vsin®p—sin®s

B>8>0 or n>9>n—p (4.3)

cos29  sin2p sin(B-{—s)]

1
T{) = [(’T —28) Gins —siny T 2cosd logsm(ﬂ__a)

5. Torsionmal Rigidity. The following expression is obtained for the
torsional rigidity in the case of two equal cuts:
1 1 1 . .o
—;C == B o5 [ (- 28)% + (r—- 2B) sin 4B - sin® 2f] (5.1)
Substituting in (5.1) B= 1/4w (s =+ 2~ 1) one can find C= /27~
2/m. The limiting case x= 0 (8= 1/27) yields €= (m — 8/m)u, equal to
twice the value of the torsional rigidity of a beam of semicircular
section, which, in fact, it should be. For == 1 (8 = 0) one gets
C= 1/2mu, i.e. the rigidity of & circular bar without cuts,

The problem of torsion of a circular bar with two equal cuts has been
solved by another method in a paper by Shepherd [2 ]. The torsional
rigidity was calculated in two cases: for 1 - a= 0,1561 and 1 — » =
0.2929,
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