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Thir paper deals ritb the study of a homogeneous isotropic circular bar 
having two cute (cracks) along the diameter. The solution is obtained by 
means of conforual mapping [ 1 I. 

1. the Happing Fmctiom. The conforual mapping of the circle 15 I< 1 
onto the unit circle with two cuts along tbe diaueter from point +1 to 

a1 aud from point -1 to a2 (Fig. 1) is accomplished by the function 

where 
Z= r/ -y 1+2oC+I”-bhY’1+2c~“+~4 

I+ 2dC + Cp 0.1) 

a=cOspcos6, b = fin 6, 
COY p 

c=-cos2& d-T8 
(1.2) 

2m 1 -ml 2n 1 -nz 
cos B = 19 sin p = - cos 8 = 1 + n’ , -- 

i-j-map sin 8 - 1 + + 

1 --la2-V(1--~)(1--~) 
l7Z= 

al - a2 9 
n_ 1+a1a2--V(l--$(l--~) (13) 

a1 + aa 

Suppose that 0 < ui < 1; a1 > Ia,l, i. 8. it rlll be assuued that the 
depth of the .left. cut ia greater than the depth of the “right” cut. 
Then 0 < m < 1, 0 < n < 1, (Fig. 1). 

The case n = 0 is that of tro cuts of equal length. 

The roots of the denominator in expression (1.1) will be denoted by 

Cl and 52. If n > 8, then 5, and r2 are couplex conjugates, I[,1 = 1621 = 1. 

For n = . one has [I = (* = -1. If n < B, then the roots 51 and 42 are 

real and different. lC,l < 1, I[,1 > 1. 

For 5 = 4,. the numerator of expression (1.1) has to reduce to zero. 
which is the condition for the choice of the branch of the radical, 
appearing in (1.1). The zeros of the expression under the radical in (1.1) 
will be denoted by zi, zZ, L,, z4. 
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2. The Comlex 

the parameter y: 

I i 

Fig. 1. 

Torsion Pllnctioa. 1. Let n > I, then a2 > 0. Introduce 

yielding 

cos y = - 
(1 + n2) m 
(l+&)n ’ (2-f) 

d=-cosy, &~,~y,-,,=,~~, zl=&, zg=-&, z4=-21 (2.2) 

Proceeding similarly as in an earlier paper 13 I. the following ex- 

pression can be found for the complex torsion function: 

ba di 
I lc) = x a (1 + 2dt + t*)z [ 

P+QC+Rt’+SC’-$(~+2ar.+Cs)~1+2cCs+C’+ 

1 - zp p 
+ i (1 + X2 + W log 1 _ t22 p 

1 
+ const (2.3) 

where 

P=2[clg.{(*+~)log ;;;;t;;-s$+$ (2.4) 

(;)=2[[2sin.(- s~-~+*~)log:i~I/:+:~+‘18cosy+3cosy~~] 

R - (1 + 2 co9 y) P - 89 (co9 3 + co9 y), S=16@cosy-Q-4Pcosy 

and it is to be understood that the branch of the logarithm is represented 
by the series 

1 - z12p 
log 1 __ Zz’ r” = - 2i (sin 29 52 + y <4 + y <6 + . . . > (2.5) 

2. Let n = I, then a2 = 0, y = R, 6 = 6. The expression for the complex 

torsion function is found by substituting d = 1 in (2.3) and replacing 

P, Q, R, S by their limiting values for y + R. Note that 

_:Fz P = z ctg p - f- sin 23, lim 1: = 16 ctg F - 2 sin 2$ - Sp (1 + COST 5) y_x 

lim Q = 16 ctg p - 4 sin 2s - Sg, (2.6) 
-(-+X 

lim S = Lt ctg 8 + f sin 29 - Sp 
Y-+X 3 
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3. Now let n < m, then a2 < 0. In (1.1) carry out an additional trans- 
formation of the plane [ : 

c- t 1’ = - 
1 - tc (2.7) 

As a result (again subsituting 4 for c’) we find: 

,_+(I_ 20, t: + t? - Y 1 - 401; + 2ci r” - 4p, r” + I’ ) (2.8) 

where 
a1 = ; (cos p1+ cos Bz), 

1 
bI = co9 p1 - co9 32 ’ Cl - 1 + 2 co9 j31 co9 92 (2.9) 

UWp1= 
n (1 + m2)% + 2m2 (1 +x2) 

’ sin pl = 
(2 - my V (ma-q (1 -mW) 

m (1 + ma) (1 + n)¶ m (1 + m8) (1 + n)’ 

cos pa = 
n (.I + m*)* - 2ma (I+ na) (1 - mZ) V(m8-na) (1 -mW) t2.10) 

m (1 + m*) (1 -n)* ; sin Jr = m (1 + m%) (1 - ~8)~ 

The zeros of the expression under the radical in (2.8) riLl be 

21 = e*sr ) Z? = Zl ) zs = eQ*, z, = zs 

The following expression is obtained for the complex torsion function: 

l(r)=ibl’[~+p+q:+rC2-(~-~-+1)II-4a~C+2cl~r-44.1ra+5’+ 

+~~(1-4al~+?cI:” 
- il C) (1 - ZrC) 

-4.x”+P)106(i(l_II~) (I-zz,Q I 
+ const (2.11) 

where 
2 

p = F (sin pz -sin 51) - 4al q E + aI (8% - &) -c (sin 3% -sin $1) - 4~ (2.12) 

r = 1 - $ ($2 - $1) 

4. ho equal cuts. Let n = 0, then ai = - a2 = 8. Noting that 8, = 8. 

6, = R - fl. it is found from (2.11) that 

.f (<j = i 
[ ( 
A+ 1-$aretgrll!r?-(1+~))‘~+2cI’+~4+ 4cos” fi ;- 

-I-i 
1 + 2c r* + V 1 - 2,2 ;* 

Try log 1 _-z,,:! C” - -1 + con& 

3. Stresses on tbe Circolar Pert of the Contour. The following ex- 
pression is obtained for the tangential stresses on the circular part of 

(2.13) 

the contour of a transverse cross-section of the bar in the case n > a: 

T, = 
2~~Vsiuz 8 - sin2 3 

I 
tg2 8 Vsiu: 8 --sin’ 3 - 

siu3tg6 ~Osa-cOs~ 

(cos 8 - co:.y)" x sin a + 

siu 6 
-+x 

sin (a + 3) tg 8 
(~0~8 + COS 3 ~0~6) 10g sin(a_ p) ---.-- 

Jf c0s 28 + N cos a + K 

ZTCCOS y siu a 1 

z--y>:1>p (3.1) 
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where r is the amount of twist, c is Lame’ I constant, 

I QW 3 
M = 2 L \sin”r -2slny+ & > 

sin (g + y) 
logsin (B-y) 

sin 28 
-YCtgY sul y 1 

N= sin23+2sin2gctg*y-2(&gy+sin’~ctg*y)logsin(P_y) 
c 

sin (3 + Y) 
I (3.2) 

The stress will be found at point D (Fig. 1) where I = i. The point 
oi = COB 8, + i sin 8 

d. 

ia the corresponding p oint in the [ plane, where 
COB 8, = - cos j3 CO8 sin 8, = <l - cos2j?3 coa28. Letting 8 = 8, in 
(3.1) yields 

$ Ta, = 2 - 
x1/i--Cos~Scos’Q 

+ (3.3) 

The case a = 0 (fl= l/2 n, y = l/an) is the limiting case. when the 
cuts meet at the point z = n, and two bars of semicircular cross-section 
are obtained. Letting a = 0 in (3.3) yields 

which, in fact, is the expression that should hold for a semicircular 
cross-section. 

The stress on the circular part of the contour ror the case n = e can 
be easily found bv substituting y = u in (3.1) and replacing Y. 1, K bv 
their limiting values for y + u. 

Starting from (2.11). ooe can obtain the expression for the tangential 
stresses on the circular part of the contour for the case n < B. 

In the case of two equal cuts 
tains 

(n = 0). starting from (2.13). one ob- 

T~=~Tsio’%-sin’B[(~-~)~_~+2eos%log~i::188+_~~+ srsln% 

+2VsinZ%-,sinafij, *- %>%>$ (3.4) 

The maximum stress in the case of two equal cuts is reached at point 
D with 8 = l/28. 

$ Tlnax =2_21--ma 2 l-j-m4 

‘xl+ma-_, m 
- arc tg nl (3.5) 

4. Straes at the Edge8 of the Cats. In the case n > n the following 
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tangent ial stresses Te (1) at the edges of the cuts are obtained: 

pr sin S T$U=_ V sina - Sina* 

uC”e9 cos@cosB+cos$-sin6VsinS5-sins9 
X 

x 2 (co@ 9 - co9 y co9 9) sin (p + 9) sin 29 
l”gsin(@-~)-‘- 

Mcoa29+Ncos8+ K 
toss -cosy 81n 8 sin 8 (cos :, - cos y) 1 (4.1) 

$>a>0 0f x>a>n-$ 

The stress at point 0 (Fig. 1). z= 0. is to be determined. In the 5 
plane, this corresponds to the point 5 = ciy, substituting 8 = y into 
(4.1) yields (evaluating the indeterminate expression): 

T(:l = !jj sirP@ 
[ 
4sin9 
sinsy + 

3 cos y sin2 &in29 3 sin% cos2y sin (P + Y -- 
co@ 6 sitPy co9 6 sitPy log sit8 (p - y) I (4.2) 

Letting 8 = 0 (the cuts meet) in the last formula results in 

which, in fact, is the proper result for a semicircular section. The 
stresses at the aides of the cuts for the case n = m are easily obtained 
from (4.1) by letting y = II. 

In the case of two equal cuts starting from (2.13) one obtains 

Pt Tf’=;= - lfsina 9 - sin* 8 sW+W 

* Cos B cos 8 - Vsin+sin28 C + 2 cos 8 ‘o&@Yq I 

p>s>O or X>a>X-p (4.3) 

5. tor8ion81 Rigidity. The following expression is obtained for the 
torsional rigidity in the ease of two equal cuts: 

+c=.--;;&$-[(~ - 2[3)2 + (n -- 2p) sin 48 + sin3 2p] (5.1) 

Substituting in (5.1) B = l/4 n <a = fi- 1) one can find C = 1/2n- 
2/v. The limiting case 1 = 0 (B = 1/2n ) yields C = Or - 8/n)p. epual to 
twice the value of the torsional rigidity of a beam of semicircular 
section, which, in fact, it should be. For I = 1 (6 = 0) one gets 

C = 112 n@, i.e. the rigidity of a circular bar witbout cuts. 

The problem of torsion of a circular bar with two eaual cuts has been 
solved by another method in a paper by Shepherd [ 2 1. The torsional 
rigidity was calculated in two cases: for 1 - a = 0.1591 and 1 - a = 
0.2929. 
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